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Abstract
We reconsider little-Higgs corrections to precision data. In five mod-
els with global symmetries SU(5), SU(6), SO(9) corrections are (al-
though not explicitly) of ‘universal’ type. We get simple expressions
for the Sˆ, Tˆ ,W, Y parameters, which summarize all effects. In all models
W,Y ≥ 0 and in almost all models Sˆ > (W + Y )/2. Results differ from
previous analyses, which are sometimes incomplete, sometimes incorrect,
and because we add LEP2 ee¯ → f f¯ cross sections to the data set. De-
pending on the model the constraint on f ranges between 2 and 20TeV.
We next study the ‘simplest’ little-Higgs model (and propose a new re-
lated model) which is not ‘universal’ and affects precision data due to
the presence of an extra Z ′ vector. By restricting the data-set to the
most accurate leptonic data we show how corrections to precision data
generated by a generic Z ′ can be encoded in four effective Sˆ, Tˆ ,W, Y
parameters, giving their expressions.
1 Introduction
While supersymmetric extensions of the Standard Model (SM) technically solve the hierarchy prob-
lem, the ever-rising lower bounds on sparticle masses recently stimulated searches for alternative
methods of electroweak breaking.
Models where the Higgs (and possibly other SM particles) become extended objects seem
generically disfavored by precision data [1], which do not show hints for the expected form factors.
Using the QFT language, one expects the presence of extra dimension 6 operators added to the
SM Lagrangian. Even if new physics is confined to the Higgs sector, precision data are affected by
operators like |H†DµH|2. Physically, this happens because experiments tested the W,Z bosons,
which contain Higgs degrees of freedom in their longitudinal components. Models of this type
include technicolor [2], where the Higgs becomes a bound state, and extra-dimensional models
that allow TeV-scale quantum gravity [3], where the Higgs supposedly becomes some stringy-like
object.
Attempts of improving the situation employ the fact that the Higgs mass can be partially
protected from quadratically divergent one loop corrections assuming that the Higgs is a pseudo-
Goldstone boson of some global symmetry spontaneously broken at a scale f . In order to address
the hierarchy problem in this way f must be around the Fermi scale: this has been achieved only
recently and only partially by little-Higgs models [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. The difficulty
is that the Higgs does not look like a pseudo-Goldstone boson (the Higgs has sizable interactions
with itself and with the top quark), so that one has to invent appropriate ‘epycicles’.1
Little Higgs models are mostly characterized by the choice of gauge and global groups. The
main free parameters are the gauge coupling(s) of the full gauge group, and the scale f at which
the full group is spontaneously broken to the SM group. No specific model seems better than the
other ones. Tree level exchange of new heavy vector bosons gives rise to corrections to precision
observables. Such corrections also depend on how fermions are introduced. We here stick to
the simplest choice made in the original literature, although introducing more ‘epycicles’ gives
interesting alternatives [13].2
We improve on previous computations and analyses [17, 18, 19, 20, 21, 22, 23] in the following
ways. Most little-Higgs models are ‘universal’: all effects can be encoded in four parameters,
Sˆ, Tˆ ,W, Y .3 As discussed in section 3 this makes results and computations much simpler than in
previous analyses that tried to compute corrections to all observables. We include LEP2 data on
1Little-Higgs models can be compared to models with GUT-scale f , previously proposed as solutions to the
doublet/triplet splitting problem of supersymmetric unified theories [15]. In these models Higgs self-interactions
and the top Yukawa coupling arise naturally. Supersymmetric models need two Higgs doublets: the Goldstone
mechanism forces a flat direction m2H1 +m
2
H2
−2µ2 = 0 without forbidding the usual D-term Higgs self-interactions.
RGE running induced by the top Yukawa lifts the flat direction towards larger tanβ. The mechanism employed in
little-Higgs models to get the top Yukawa coupling by adding extra real fermions is naturally operative in SU(6)
unified models because its 20 representation is pseudo-real (i.e. its mass term is forbidden by SU(6) gauge invariance)
and contains one up-type quark [16].
2Models with T -parity eliminate tree level effects, thereby allowing f ∼ v (provided that UV-divergent loop
effects are small). However a small v is naturally accommodated only under the assumption that f is also small.
But f , like v in the SM, is controlled by mass terms of Higgs scalars plagued by quadratically divergent one-loop
quantum corrections. Therefore the problem that these models would like to solve is only shifted.
34 parameters are needed, because there are 4 ‘universal’ dimension 6 operators [24, 25], listed in table 1.
Therefore previous analyses that employed the traditional S, T, U parameters are incomplete [26]. Furthermore in
no way the U parameter is a linear combination of Sˆ, Tˆ ,W, Y . The U parameter corresponds to an higher-order
dimension 8 operator: we can ignore all these subleading effects since f ≫ v. Beyond adding W,Y we often get
values of S and T different from those obtained in previous analyses.
2
Adimensional form factors operators
(g′/g)Ŝ = Π′W3B(0) OWB = (H†τaH)W aµνBµν
M2W T̂ = ΠW3W3(0)− ΠW+W−(0) OH = |H†DµH|2
2M−2W Y = Π
′′
BB(0) OBB = (∂ρBµν)2/2
2M−2W W = Π
′′
W3W3
(0) OWW = (DρW aµν)2/2
Table 1: The first column defines the adimensional form factors. The second column defines the
SU(2)L-invariant universal dimension-6 operators, which contribute to the form-factors on the
same row. We use canonically normalized fields and inverse propagators Π.
ee¯ → f f¯ cross sections [27, 28], that provide significant constraints on W,Y [25]. In section 2 we
critically discuss the robustness of experimental inputs.
In section 4 we consider two ‘littlest’ Higgs models [6, 12], with global symmetry SU(5) and
different gauge groups. In section 5 we consider one model with global symmetry SO(9) [11]. In
section 6 we consider two little-Higgs models, with global symmetry SU(6) [8, 20] and different
gauge groups. All these models are ‘universal’.
In section 8 we consider the ‘simplest’ little-Higgs model [14]. In section 9 we propose and
analyze a related little-Higgs model. Both models are not universal and affect precision data plus
LEP2 only due to the presence of a heavy Z ′ boson. In the previous section 7 we show how, by
considering only the most precise precision data, the effects of generic Z ′ models can be condensed
in a set of effective Sˆ, Tˆ ,W, Y parameters and compute them.
Section 10 contains our conclusions.
2 Experimental data
Our data-set includes all traditional precision electroweak data. Some measurements achieved
better than per-mille accuracy. Most data have per-cent accuracy: LEP2 ee¯→ f f¯ cross sections,
atomic parity violation, Møller scattering, neutrino/nucleon scattering, etc. Despite the larger
uncertainty LEP2 plays an important roˆle: being the only precision data measured above the
Z-peak, LEP2 data are particularly sensitive to high-energy new physics.
Before performing a global fit, we discuss its ‘robustness’ i.e. how necessary arbitrary choices
affect the final results. Since the data-set contains several observables, on statistical basis one
expects a few ‘anomalous’ results. Indeed the data contain three ∼ 3σ anomalies. Only the first
one involves one measurement which has a significant impact in the global fit.
1) There is a 3σ discrepancy between LEP and SLD measurements of the weak angle in leptonic
couplings of the Z. We do not see how it might be due to new physics. Assuming that the
discrepancy is due to a statistical fluctuation, we include both pieces of data in our global
fit.
2) NuTeV claims that the low-energy couplings of neutrinos to left-handed quarks is 3σ away
from the SM central value. Hadronic uncertainties have not been fully taken into account
in the NuTeV results and certain SM effects, such as a s/s¯ momentum asymmetry [29], can
explain the NuTeV anomaly. Therefore the fit on which our results are based includes all
data except NuTeV (second row of table 2). 4
4Ref. [29] claimed that the NuTeV anomaly cannot be due to ‘heavy universal’ new physics, but allowing only
3
Type of fit 1000 Sˆ 1000 Tˆ 1000W 1000 Y χ2SM − χ2min
All data −0.3 −0.6 −0.7 0.4 1.12
Excluding NuTeV (our default fit) 0 0.2 −0.2 0 0.52
Excluding NuTeV and AbFB −0.9 −0.3 −0.4 0.2 1.22
Table 2: Best-fit values for mh = 115GeV. The typical uncertainty on Sˆ, Tˆ ,W, Y is ±0.5 with
correlations among them. The last column shows that in no case the best fit is significantly better
than the SM fit.
3) The forward/backward asymmetry in ee¯→ Z → bb¯, AbFB, is about 3σ different from its SM
prediction. It could be produced by new physics, provided that new physics affects almost
only AbFB. In fact A
b
FB has an uncertainty much larger than other observables, where no
anomaly is present. Furthermore, the total Z → bb¯ rate is in agreement with the SM.
We have no reason of dropping AbFB. Just to verify the stability of our results, in the third row
of table 2 we study what happens if both NuTeV and AbFB are dropped. As both pieces of data
mildly favor a heavy Higgs, omitting them the best-fit value of the Higgs mass decreases below
the direct limit mh > 115GeV, unless physics beyond the SM is present. This argument was used
in [30] to claim that new physics is needed. However the discrepancy has never been significant,
and with the most recent data (in particular for the top mass), the best-fit value of the Higgs mass
is only 1σ too low.
In conclusion, constraints on new physics seem ‘robust’. On the contrary, possible hints for new
physics depend on arbitrary choices needed to perform an analysis, like omitting NuTeV and/or
AbFB and/or adding LEP2. Since none of these hints is statistically significant we prefer to ignore
them.
3 Computing universal effects
We compute the leading effects, suppressed by one power of v2/f 2. The analysis is simplified
by recognizing that, despite appearances, most little-Higgs models give corrections of ‘universal’
type, that can be fully encoded in the four parameters Sˆ, Tˆ ,W, Y defined in [25]. Furthermore,
computations are performed with a simplified technique. We repeat here the general presentation
of [25] specializing it to the specific case of little-Higgs models.
There are two sets of vector bosons: charged and neutral. Each set involves a few vector bosons
Wi, but all their interactions with the SM fermions can be written as JW1, where W1 is one linear
combination of the Wi and J is the standard SM fermionic current. This is why corrections are of
‘universal’ type. The SM contains a few currents J±, J3, JY : to get the essential point we consider
a single current and only two vectors W1,2.
The mass matrix m of vector bosons Wi receives two contributions: one related to the scale f
of breaking of the full group, and the usual one related to the scale v of EW symmetry breaking.
The model is built such that the SM vector bosons have O(v) masses, while all other ones receive
O(f) masses. The relevant Lagrangian has the schematic form
L ≃ Wi
Πfullij
2
Wj + gJW1, Π
full
ij = p
2δij −m2ij . (1)
three free parameters and thereby arbitrarily setting to zero one linear combination of the four Sˆ, Tˆ ,W, Y parameters.
Nevertheless, by adding LEP2 to the data set, one again finds that all four parameters are so constrained that ‘heavy
universal’ new physics cannot explain NuTeV.
4
The standard computation proceeds by integrating out the heavy mass eigenstates, which are
some linear combination of the Wi: Wout = W2 cos θ + W1 sin θ. In this way one obtains the
effective Lagrangian for the light mass eigenstate Win = W1 cos θ−W2 sin θ. The angle θ is usually
determined such that Wout is the heavy mass eigenstate. With more than two vector bosons θ is
replaced by an appropriate unitary matrix.
Let us instead proceed by keeping θ arbitrary. Keeping terms up to dimension 6, integrating
out Wout gives rise to an effective Lagrangian of the form
Leff ≃Win[A(θ) +B(θ)p2 + C(θ)p4]Win +Win[D(θ) + E(θ)p2]J + F (θ)J2 (2)
i.e. universal corrections A,B,C, plus corrections to gauge couplings D,E, plus four fermion
operators F . At this point one can compute any observable.
Alternatively one can recognize that computing all observables is not necessary, because the
apparently ‘non-universal’ terms E and F only involve the SM current J , and can therefore be
eliminated by using the equation of motion of Win: J = −2Win[A + Bp2 + Cp4]/[D + Ep2]. The
result is an explicitly ‘universal’ effective Lagrangian of the form with primed coefficients:
Leff ≃Win[A′(θ) +B′(θ)p2 + C ′(θ)p4]Win +WinD′(θ)J (3)
With appropriate rescalings of Win and of g it can be rewritten in canonical form
Leff ≃Win[A′′(θ) + p2 + C ′′(θ)p4]Win +WingJ. (4)
Provided that all above steps have been performed correctly one should find that A′′ and C ′′
do not depend on the arbitrary angle θ. Indeed A′′ and C ′′ have a direct physical meaning, so
that their values cannot depend on how one chooses to compute them. We do not report the
explicit verification of this property because the needed computations are more cumbersome than
illuminating.
This property suggests a simpler way of computing A′′ and C ′′. Rather than finding and
integrating out the heavy mass eigenstates (which corresponds to one possible choice of θ), one
can more conveniently choose θ = 0 and integrate out the vector bosons that do not couple to the
SM fermions. In this way there is no need of diagonalizing the mass matrix, and the apparently
‘non-universal’ terms E and F are not generated. Therefore all what one has to do is
1) Given the model, write down the kinetic matrix Πfullij of eq. (1).
2) Integrate out all the combinations of extra fields not coupled to SM fermions, obtaining the
effective kinetic term Π for W1 = W
+ (in the charged sector) or for W1 = {B,W 3} (in the
neutral sector). It is given by Π = (Π−1full|SM)−1, i.e. one has to restrict the inverse of the full
Π matrix to the fields coupled to the SM currents, and invert it again, obtaining a 2 × 2
matrix in the neutral sector and a 1× 1 matrix in the charged sector.
3) Expand around p2 ≃ 0 and extract Sˆ, Tˆ ,W, Y .
To be concrete, let us apply this procedure to a model that contains one extra heavy vector boson
with mass M , no mixing to the SM vectors, and that couples to fermions in the same way as the
SM hypercharge. The result in the {Bµ,W 3µ} basis is
Π−1 =
(
p2 −M2W t2 M2W t
M2W t p
2 −M2W
)−1
+
(
(p2 −M2)−1 0
0 0
)
. (5)
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This should be intuitively obvious: the first term is the SM contribution; the effect of a vector
boson that couples like the SM hypercharge Bµ is taken into account by adding an extra term to
the propagator of Bµ. From eq. (5) one extracts
Sˆ = Y =
c2W
s2W
Tˆ =
M2W
M2
, W = 0
which, inserted into [25]
δε1 ≃ T̂ −W − Y s
2
W
c2W
, δε2 ≃ −W , δε3 ≃ Ŝ −W − Y (6)
gives δε1,2,3 = 0. Indeed an unmixed hypercharge-like vector affects LEP2 and low-energy observ-
ables but does not affect the traditional precision observables ε1,2,3.
Little Higgs models contain various extra vector bosons of this sort, that give tree-level cor-
rections to precision observables. We will study these effects. Two kinds of extra effects might be
relevant. First, little-Higgs models employ a heavy top quark to cancel the quadratic divergence
associated to the top Yukawa coupling. This heavy new fermion can give one loop corrections
to precision observables mainly through Tˆ . Second, some little-Higgs models also contain Higgs
SU(2)L triplets with vacuum expectation values, which can give arbitrary negative corrections to
Tˆ . In these models we present the constraint on f , computed under two different assumptions: a)
the extra corrections to Tˆ are negligible; b) the extra corrections to Tˆ have the value that makes
the constraint on f as mild as possible. This kind of analysis may well be considered as exhaustive.
The 99% C.L. constraints on f are computed at fixed values of the other parameters: by making
the usual Gaussian approximation we impose χ2(f) = χ2SM + 6.6, which is the value appropriate
for 1 degree of freedom.5 As in [25] we include all precision data expect NuTeV.
4 The SU(5)/SO(5) ‘littlest’ Higgs models
This model has a SU(5) global symmetry broken down to SO(5) at the scale f . Only the SU(2)1⊗
SU(2)2⊗U(1)1⊗U(1)2 subgroup of SU(5) is gauged, with gauge couplings g1, g2, g′1, g′2 respectively.
The SM gauge couplings g and g′ are obtained as 1/g2 = 1/g21 + 1/g
2
2 and 1/g
′2 = 1/g′21 + 1/g
′2
2 . f
is normalized such that the heavy vector bosons have masses
M2W ′ =
(
g21 + g
2
2
) f 2
4
, M2B′ =
(
g′21 + g
′2
2
) f 2
20
. (7)
5Various previous analyses obtained weaker constraints using the ∆χ2 value corresponding to n degrees of
freedom, where n is the number of free parameters present in the little-Higgs model under examination. Various
models have n = 3, so this is a significant difference.
Indeed, when experiments can determine the allowed range of all n free parameters, their best-fit range is given
in Gaussian approximation by the n-dimensional region defined by χ2 < χ2
min
+ ∆χ2(p) where ∆χ2 is the value
corresponding to n degrees of freedom at any desired confidence level p. ∆χ2 increases with n because the confidence
region has the following meaning: the joint probability that all parameters lie inside it is p.
However, in our case none of the parameters is determined, and there is only a constraint on f . Our statistical
technique is appropriate for this situation, which is far from the idealized Gaussian approximation. This is par-
ticularly clear in the Bayesian approach to statistical inference, where exp(−χ2/2) is (proportional to) the density
probability in the parameter space.
Summarizing in a more physical langauge, one should not apply weaker statistical tests to models that have more
unknown parameters.
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Figure 1: Bound from precision data on the scale f in TeV of little-Higgs models. The constraint
is computed at 99% C.L. for 1 dof, i.e. χ2 = χ2SM + 6.6. As described in the text in each model the
angles φ parameterize the gauge couplings of the extra gauge groups, which become strongly coupled
at φ→ 0 and/or φ→ pi/2. The dotted iso-lines show that the constraint on f gets slightly relaxed
in presence of arbitrary extra corrections to Tˆ . We assumed a light higgs, mh ∼ 115GeV.
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Matter fermions are charged only under SU(2)1⊗U(1)1. See [6, 17] for further details. The model
has three free parameters, which can be chosen to be f and two angles φ and φ′ defined by
sinφ = g/g1 cosφ = g/g2 sinφ
′ = g′/g′1 cosφ
′ = g′/g′2. (8)
We integrate out the vectors of SU(2)2⊗U(1)2 under which matter fermions are neutral: therefore
neither 4-fermion operators nor corrections to the SM gauge couplings are generated. Only the
propagators of the vector bosons coupled to fermions get modified, giving rise to
Sˆ =
2M2W
g2f 2
[
cos2 φ+ 5
c2W
s2W
cos2 φ′
]
, W =
4M2W
g2f 2
cos4 φ,
Tˆ =
5M2W
g2f 2
, Y =
20M2W
g′2f 2
cos4 φ′.
(9)
The continuous line of fig. 1a shows the 99% C.L. (1 dof) bound on f as function of φ and φ′. Higgs
triplets with a small vev vT can give an extra negative contribution to Tˆ , Tˆtriplets = −g2v2T/M2W ,
that allows to slightly relax the constraint on f down to the values indicated by the dotted iso-lines
in fig. 1a. Here and in the following we assume a light higgs, mh ∼ 115GeV. An acceptable fit with
a heavy Higgs mh ∼ TeV is possible in models that give a positive correction to Tˆ ∼ few · 10−3.6
In the present model a heavy higgs is allowed for f ∼ 5TeV and appropriate φ, φ′.
Inserting Sˆ, Tˆ ,W, Y into eq. (6) gives the ‘littlest’-Higgs contributions to the ε1,2,3 parame-
ters [32] that can be compared with [21]: ε1 and ε3 do not agree.
The ‘littlest Higgs’ model can be modified by changing the U(1) embedding of the fermions,
assigning charge Y R under U(1)1 and Y (1−R) under U(1)2, where Y is the SM hypercharge and
0 ≤ R ≤ 1 [17]. The corrections to precision data become
Sˆ =
2M2W
g2f 2
[
cos2 φ+ 5
c2W
s2W
(2R− 1) (R− sin2 φ′)
]
, W =
4M2W
g2f 2
cos4 φ,
Tˆ =
5M2W
g2f 2
(1− 2R)2 , Y = 20M
2
W
g′2f 2
(R− sin2 φ′)2.
(10)
The previous case corresponds to R = 1. Gauge interactions are not anomalous and are compatible
with the needed SM Yukawa couplings also in the case R = 3/5 [17]. For R = 3/5 the constraint
on f becomes slightly weaker than for R = 1, such that values of f between 2 and 3 TeV become
allowed in some φ, φ′ range.
The ‘littlest Higgs’ model can also be modified by gauging only SU(2)1⊗SU(2)2⊗U(1)Y [12]. In
this way Tˆ = 0 but one has a quadratic divergence to the Higgs mass associated to the hypercharge
coupling g′. This model has been already analyzed in terms of Sˆ, Tˆ ,W, Y in [25] and we report
here the results
Sˆ =
2M2W
g2f 2
cos2 φ, W =
4M2W
g2f 2
cos4 φ, Tˆ = Y = 0. (11)
The 99% C.L. constraint on f is well approximated by f > max(6.5 cos2 φ, 3.7 cosφ) TeV. In the
limit of small cosφ (which corresponds to large g2) the constraint on MW ′ approaches a constant.
6Using the codes in [31] we computed how, in the SM at one-loop, the LEP2 ee¯→ f f¯ cross sections depend on
the Higgs mass mh. Going from mh = 115GeV to mh = 1TeV σ(ee¯ → µµ¯) increases by 0.4% and σ(ee¯→
∑
q qq¯)
increases by 1.3%. This variation is comparable to experimental uncertainties, so that LEP2 cross sections do not
provide significant extra informations on mh beyond Z-pole observables.
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5 The SO(9)/(SO(5) ⊗ SO(4)) model
The model, introduced in [11], is based on the breaking of a global symmetry SO(9) down to
SO(5) ⊗ SO(4). Only the SU(2)L ⊗ SU(2)R ⊗ SU(2) ⊗ U(1) subgroup of SO(9) is gauged, with
gauge couplings gL, gR, g2, g1 respectively. The heavy vector bosons acquire a mass
7
M2W ′ =
(
g2L + g
2
2
) f 2
4
, M2W r± = g
2
R
f 2
4
, M2B′ =
(
g2R + g
2
1
) f 2
4
(12)
and the SM gauge couplings are given by 1/g2 = 1/g2L + 1/g
2
2 and 1/g
′2 = 1/g2R + 1/g
2
1. Matter
fermions are charged only under SU(2)⊗ U(1). The model has three free parameters, which can
be chosen to be f and two angles φL and φR defined by
tanφL = gL/g2, tanφR = gR/g1. (13)
Integrating out the SU(2)L ⊗ SU(2)R vector bosons, not coupled to fermions, gives rise to
Sˆ =
2M2W
g2f 2
[
cos2 φL +
c2W
s2W
cos2 φR
]
, W =
4M2W
g2f 2
cos4 φL,
Tˆ = 0, Y =
4M2W
g′2f 2
cos4 φR.
(14)
Higgs triplets can give an extra negative correction to Tˆ . The continuous line of fig. 1b shows the
99% C.L. (1 dof) bound on f as function of φL and φR. The dotted line shows the same bound
assuming that an extra correction to Tˆ makes the constraint on f as mild as possible. This needs
a positive correction to Tˆ , which might arise from one-loop exchange of heavy vector-like tops.
Ref. [11] studied correction to precision observables by integrating out the heavy vector boson
mass eigenstates, which gives rise to 4-fermion operators together with corrections to gauge boson
couplings and to gauge boson self energies. Ignoring W and Y , [11] found, at leading order in
v2/f 2, Sˆ = 0, Tˆ 6= 0 and a set of non-universal operators. It should be possible to rewrite the
apparently non-universal operators as extra corrections to the universal parameters Sˆ, Tˆ ,W, Y such
that the total result agrees with eq. (14), where Sˆ 6= 0 and Tˆ = 0. Indeed the model was built
with a custodial symmetry in order to avoid corrections to Tˆ . Despite this feature, the model is
strongly constrained because it affects Sˆ,W, Y .
6 The SU(6)/Sp(6) models
The model, introduced in [8], is based on a global symmetry SU(6) broken down to Sp(6) at the
scale f . The gauge group is SU(2)1 ⊗ SU(2)2 ⊗ U(1)1 ⊗ U(1)2, with gauge couplings g1, g2, g′1, g′2,
broken to the diagonal SU(2)L ⊗ U(1)Y at the scale f . The heavy gauge bosons have mass
M2W ′ =
(
g21 + g
2
2
) f 2
4
, M2B′ =
(
g′21 + g
′2
2
) f 2
8
(15)
and the SM gauge couplings are 1/g2 = 1/g21+1/g
2
2 and 1/g
′2 = 1/g′21 +1/g
′2
2 . The model contains
two Higgs doublets (with vev v1 and v2) and no Higgs triplets. For the notations we follow [20].
We neglect the additional U(1)2 → U(1)Y breaking term at a scale F introduced in [20].
7Our f is two times larger than the f defined in [11]. In this way all models are analyzed using the same
normalization of f and a clean comparison is possible. Notice also that we employ the v = 174GeV convention for
the SM Higgs vev.
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If the fermions are charged under SU(2)1 ⊗ U(1)1 one gets:
Sˆ =
2M2W
g2f 2
[
cos2 φ+ 2
c2W
s2W
cos2 φ′
]
W =
4M2W
g2f 2
cos4 φ
Tˆ =
M2W
2g2f 2
(5 + cos 4β) Y =
8M2W
g′2f 2
cos4 φ′.
(16)
where
tan β = v2/v1 cosφ = g/g1 sin φ = g/g2 cosφ
′ = g′/g′1 sin φ
′ = g′/g′2. (17)
The resulting constraint on f is reported in fig. 1c, assuming cos 4β = 0. As clear from the
analytical expression, the constraint only mildly depends on β.
Analogously to the case of ‘littlest’-Higgs models of section 4, one can build a related model
by gauging only SU(2)1 ⊗ SU(2)2 ⊗ U(1)Y . The model is ‘incomplete’ in the sense that one must
accept the quadratically divergent correction to the Higgs mass associated to the small g′ coupling.
In this case
Sˆ =
2M2W
g2f 2
cos2 φ W =
4M2W
g2f 2
cos4 φ
Tˆ =
M2W
g2f 2
cos2 2β Y = 0.
(18)
The constraint on f in this ‘incomplete’ model is shown in fig. 1d, and is weaker than in the
‘complete’ model. The same thing happened for the ’littlest Higgs’ model. It is again due to the
fact that one gets rid of the (large) contributions of the extra U(1) gauge boson which affects
Sˆ, Tˆ , Y . In this ‘incomplete’ model one still a contribution to Tˆ , because the two different Higgs
vevs are a source of isospin breaking.
In these models no Higgs triplet is present, so that we have not considered the case of arbitrary
Tˆ . There is however a one-loop correction (mainly to Tˆ ) of a heavy top-like quark. These extra
corrections are suppressed by the usual factor v2/f 2 as well as by a one-loop factor 1/(16pi2) and
depend on extra parameters, such as the heavy top quark mass and its mixing angle with the SM
top quark. As discussed in [20] one can find regions of the parameter space where these extra
corrections are negligible.
7 Models with generic Z ′ vector bosons
In the next section we will consider the ‘simplest’ little-Higgs models, which gives non-universal
corrections to precision observables, due to an heavy extra Z ′ boson. Non-universal effects cannot
be fully condensed in Sˆ, Tˆ ,W, Y . By considering models with a generic non-universal heavy Z ′
vector boson we here show how its effects can be approximatively condensed in Sˆ, Tˆ ,W, Y . To
this end we consider a reduced set of precision observables which includes all most accurately
measured observables. Therefore the non-universal terms ignored by our approximation are not
much important.
A Z ′ model is characterized by the following parameters: the Z ′ gauge coupling gZ′, the Z
′ mass
MZ′ and the Z
′-charges of the Higgs and of the SM fermions: Z ′H , Z
′
L, Z
′
E, etc. E.g. a ‘universal’
Z ′ would be a replica of the SM hypercharge with Z ′F = YF .
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The kinetic matrix for the neutral vectors in the (Bµ,W
3
µ , Z
′
µ) basis is
 p2 −M2W t2 M2W t +ggZ′Z ′Hv2tM2W t p2 −M2W −ggZ′Z ′Hv2
ggZ′Z
′
Hv
2t −ggZ′Z ′Hv2 p2 −M2Z′


where t ≡ g′/g. We now introduce our approximation. Rather than integrating out the heavy
mass eigenstate, we integrate out the combination of gauge bosons that does not couple to eL and
eR. This is done by redefining the vector fields
Bµ → Bµ − cY Z ′µ, W 3µ →W 3µ − cWZ ′µ cY =
gZ′Z
′
E
g′YE
, cW =
2gZ′
YEg
(Z ′EYL − Z ′LYE) (19)
and by eliminating the new Z ′µ by solving its equation of motion. One immediately gets:
Sˆ =
M2W
M2Z′
(cW − cY /t)(cW − cY t− 2gZ′Z ′H/g), W =
M2W
M2Z′
c2W ,
Tˆ =
M2W
M2Z′
[(cY t+ 2gZ′Z
′
H/g)
2 − c2W ], Y =
M2W
M2Z′
c2Y .
(20)
Notice that Tˆ = 0 whenever H and L have the same Z ′ charge, Z ′L = Z
′
H . Notice also that
Sˆ = Tˆ = 0 whenever Z ′L + Z
′
E + Z
′
H = 0, such that the lepton Yukawa couplings are invariant
under the extra U(1)Z′ symmetry.
The Sˆ, Tˆ ,W, Y defined by this procedure neglect non-universal terms that affect fermions f 6=
eL, eR. We now discuss why this is a good approximation provided that e, µ, τ have the same Z
′
charges and unless the Z ′ couples to quarks much more strongly than to leptons. Corrections to
MW ,MZ , µ-decay and Z-couplings to charged leptons are fully included. Z couplings to neutrinos
or to quarks are not included, but they are measured a few times less accurately than Z couplings
to charged leptons.8
Concerning LEP2 we again neglect corrections to quark Z and γ couplings. In view of the
higher energy, LEP2 ee¯ → f f¯ cross sections are mainly a probe of new four-fermion operators
involving electrons, because electrons are the initial state of LEP2. All such effects are included
in our approximation, which neglects four-fermion operators involving only quarks and neutrinos,
not probed by LEP2. Low energy observables are less precise than high energy observables. Our
approximation is exact for Møller scattering, includes all four-fermion operators that affect atomic
parity violation (but neglects corrections coming from the anomalous Zff¯ couplings, better mea-
sured by LEP1), does not apply to neutrino/nucleon scattering. We ignore Tevatron constraints
on Z ′ bosons, which are competitive with precision data only in models where the Z ′ boson is light
(MZ′ <∼ 500GeV) and has a small gauge coupling (gZ′ <∼ 0.3) [25].
8 The ‘simplest’ little-Higgs
This model is based on an SU(3)c ⊗ SU(3)L ⊗ U(1)X gauge group with gauge couplings g3, g, gX,
broken down to SU(3)c ⊗ SU(2)L ⊗ U(1)Y at the scale f ≡ (f 21 + f 22 )1/2 by two Higgs triplets
8In the next section we will consider a specific model. We will check that our approximation is accurate by
adding to our simple approximation also the non universal corrections δgf to on-shell Z-couplings to any fermion f .
The general result is δgf = 2g
2
Z′M
2
WZ
′
H [Z
′
EYf − Z ′fYE + 2T3f(Z ′EYL − Z ′LYE)]/g2M2Z′YE , where gf = T3f − s2WQf
is the tree-level SM value.
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SU(3)c SU(3)L U(1)X
H1, H2 1 3 −1/3
L1,2,3 1 3 −1/3
E1,2,3 1 1 1
U1,2,3 3¯ 1 −2/3
D1,2,3 3¯ 1 1/3
Q3 3 3 1/3
Q1,2 3 3¯ 0
D′1,2 3¯ 1 1/3
U ′3 3¯ 1 −2/3
N ′1,2,3 1 1 0
SU(3)c SU(3)L U(1)X
H 1 3 X
Σ 1 8 0
2×D1,2,3 3¯ 1 +X
2× L1,2,3 1 3¯ −X
U1,2,3 3¯ 1 −2X
E1,2,3 1 3¯ +2X
Q1,2,3 3 3 0
Table 3: Charge assignments in the ‘simplest’ little-Higgs model (left) and in the ‘oldest’ little-Higgs
model (right).
H1,2 with vev 〈H1,2〉 = (0, 0, f1,2) and X-charge −1/3. Therefore the unbroken U(1)Y factor is
Y = X − T8/
√
3 (on triplets T8 =
√
3 diag (1/6, 1/6,−1/3)). The hypercharge gauge coupling is
1/g′2 = 1/g2X + 1/3g
2, and g is the usual SU(2)L coupling.
SM fermions are embedded as follows. SU(2)L singlets become SU(3)L singlets, with X-charge
X = Y . SU(2)L doublets can become either SU(3)L triplets (with X = Y + 1/6) or anti-triplets
(with X = Y − 1/6). The choice is fixed by requiring that the model has no gauge anomalies: one
needs the generation-dependent assignment summarized in table 3. The extra ‘primed’ fermions
are needed to avoid new light fermions. For more details see [14, 33]. The model differs from the
original model of [33] by having two Higgs triplets with the same X-charge which independently
break the full gauge group to the SM one: this implements the ‘little-Higgs’ mechanism.
The model contains five additional vector bosons: a weak doublet which neither mixes with
the SM gauge bosons nor couples to the SM fermions, and a weak singlet:
Z ′µ = sZ′Xµ + cZ′A
8
µ, s
2
Z′ = t
2/3, t = g′/g. (21)
Its gauge coupling is given by gZ′ = g/cZ′ = g/
√
1− t2/3 ≈ 0.68 and its mass isM2Z′ = 2f 2g2/(3−
t2) ≈ 0.31f 2 This extra gauge boson both couples to the light fermions and mixes with the
SM neutral vectors. Light fermions have Z ′ charges T8 +
√
3s2Z′Y , which are not universal. In
particular right-handed leptons E have Z ′ charge Z ′E =
√
3s2Z′ and L and H have charge Z
′
L =
Z ′H = 1/2
√
3−√3s2Z′/2.
We can now apply the approximation for generic Z ′ models developed in the previous section.
The ‘simplest’ Higgs model corresponds to cY = g
′/
√
3g2 − g′2 and cW = −cY /t. Eq. (20) reduces
to
Sˆ = 4W =
2M2W
f 2g2
=
4Y
t2
, Tˆ = 0. (22)
The resulting bound is f > 4.53TeV at 99% C.L. (5.2TeV at 95% C.L). According to [14] atomic
parity violation provides the dominant constraint, f > 1.7TeV at 95% C.L. Our approximate anal-
ysis instead gives a stronger constraint in which atomic parity violation does not play a significant
roˆle.
We can make our approximate analysis more precise by including non-universal corrections to
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on-shell Z-couplings. They are
δgdL = −δgν =
(g2 − g′2)M2W
2f 2g2
, δguL = δgdR = 0
as well as (by construction) δgeL = δgeR = 0. Including these effects the bound on f negligibly
shifts to f > 4.49TeV.
9 The ‘oldest’ little-Higgs
An alternative related model can be built by embedding the second Higgs doublet in the adjoint
representation Σ of SU(3)L. The Higgs doublet has the correct hypercharge for any assignment of
the X-charge of Σ. A light pseudo-Goldstone Higgs is now obtained by suppressing the operator
HΣΣ∗H∗ instead of |H1H∗2 |2. This modification does not affect corrections to precision data. This
related model is a non-unified and non-supersymmetric version of a pseudo-Goldstone solution to
the doublet/triplet splitting problem studied in [15].
In the original unified model fermions were embedded in the 15 ⊕ 6¯ ⊕ 6¯ representation of
the unified gauge group of SU(6). By splitting it into SU(3)c ⊗ SU(3)L ⊗ U(1)X fragments of
SU(6) one obtains the alternative embedding described in table 3. It is interesting to check that
it is anomaly free and that it reproduces the known SM fermions; however these checks are not
necessary because these properties are easily verified in the unified version. The unified embedding
differs from the one chosen in the ‘simplest’ little-Higgs model basically because singlet leptons are
extended to SU(3)L triplets rather than to SU(3)L singlets. In this way the resulting model can be
the low energy limit of an SU(6) unified theory. (In GUT normalization the X charge in table 3 is
X = 1/3 ·√3/4. Unfortunately, unification of gauge couplings fails unless one considers a ‘split’
supersymmetric version of the model, where only the super-partners of the higgses are light).
The ‘oldest’ little-Higgs model does not have replicated Higgses and therefore does not have the
problems with flavour typical of multi-Higgs models, avoided in the ‘simplest’ little-Higgs models
making ad-hoc assumptions about the Yukawa matrices. Using the unified matter embedding, the
large top Yukawa coupling can be generated along the lines of [16]: by adding to the low energy
theory the fragments (3, 3¯, X) + h.c. of the 20 representation of SU(6). This is analogous to the
heavy vector-like top quark employed by little-Higgs models.
Corrections to precision data differ only because right-handed leptons now have a different Z ′
charge,
√
3(s2Z′ − 1) rather than
√
3s2Z′. Using again our generic expressions valid for a generic Z
′
heavy boson we obtain, in the ‘oldest’ little-Higgs model:
Sˆ = Tˆ = W = 0, Y =
M2W
2f 2g′2
(1− t2)2. (23)
Three of the four form factors vanish. The constraint on f is f > 3.0TeV at 99% CL.
10 Conclusions
We studied the corrections to precision data generated in various little-Higgs models by recognizing
that they are of ‘heavy universal’ type: all effects can be encoded in four parameters, Sˆ, Tˆ ,W, Y .
Their computation is straightforward, if one integrates out vector bosons not coupled to the SM
fermions, rather than heavy mass eigenstates. Our results are summarized in table 4, which
simplifies, complements and often corrects previous analyses. We usually get stronger constraints
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global gauge Sˆ Tˆ W Y
SU(5) 32211
2M2W
g2f 2
[
cos2 φ+ 5
c2W
s2W
cos2 φ′
]
5M2W
g2f 2
+ Tˆtriplet
4M2W
g2f 2
cos4 φ
20M2W
g′2f 2
cos4 φ′
SU(5) 32211
2M2W
g2f 2
[
cos2 φ+
c2W
s2W
(cos2 φ′−2
5
)
]
M2W
5g2f 2
+ Tˆtriplet
4M2W
g2f 2
cos4 φ
20M2W
g′2f 2
(cos2 φ′−2
5
)2
SU(5) 3221
2M2W
g2f 2
cos2 φ 0 + Tˆtriplet
4M2W
g2f 2
cos4 φ 0
SO(9) 32221
2M2W
g2f 2
[
cos2 φL +
c2W
s2W
cos2 φR
]
0 + Tˆtriplet
4M2W
g2f 2
cos4 φL
4M2W
g′2f 2
cos4 φR
SU(6) 32211
2M2W
g2f 2
[
cos2 φ+ 2
c2W
s2W
cos2 φ′
]
M2W
2g2f 2
(5 + cos 4β)
4M2W
g2f 2
cos4 φ
8M2W
g′2f 2
cos4 φ′
SU(6) 32211
2M2W
g2f 2
cos2 φ
M2W
g2f 2
cos2 2β
4M2W
g2f 2
cos4 φ 0
SU(3)2 331 ≈ 2M
2
W
f 2g2
≈ 0 ≈ M
2
W
2f 2g2
≈ g
′2M2W
2f 2g4
SU(3)2 331 ≈ 0 ≈ 0 ≈ 0 ≈ M
2
W (1− t2)
2f 2g′2
Table 4: Corrections to precision data in various little-Higgs models. The first two columns describe
the global and gauge groups. To fully identify the model one sometimes needs to specify also the
fermion content, which is described in the text. 3221 is a shorthand for SU(3)⊗ SU(2)⊗ SU(2)⊗
U(1), etc. Tˆtriplet = −g2v2T/M2W is a possible contribution from Higgs triplets with vev vT . The last
model proposed here can be (but does not need to be) the low energy limit of a SU(6) unified model.
also because we include LEP2 data, that have a significant impact. The text and fig. 1 describe
the parameter space allowed by precision tests. We assumed a light higgs, mh ∼ 115GeV. Models
that give a positive correction to Tˆ ∼ few · 10−3 also allow an acceptable fit with a heavy higgs,
mh ∼ TeV, for appropriate values of f ∼ few TeV and of the other parameters.
The last model of table 4 is not universal, but precision data are affected only by the presence
of an extra specific Z ′ vector. In section 7 we discussed how the effects of a generic extra Z ′ vector
can be approximatively encoded in a set of Sˆ, Tˆ ,W, Y parameters by restricting data to processes
involving charged leptons, which presently are the best measured processes. Applying the general
result of eq. (20) gives the last row of table 4.
Fig. 1 shows that the typical constraint is f > few TeV: all above little-Higgs models need
an uncomfortably high fine-tuning, roughly given by (f/v)2 ∼ 103, in order to break the EW
symmetry at a scale v ≪ f .9 Fine-tuning decreases in regions of the parameter space where gauge
couplings are large and other effects become out of control. Therefore a clean discussion of this
issue seems not possible. As discussed in [1] models where the same scale Λ suppresses higher-order
operators and cuts-off quadratically divergent corrections to the squared Higgs mass suffer a ‘little
hierarchy problem’. The analyzed little-Higgs models, rather than solving this problem, provide a
specific realization where Λ is identified with f .
9Fine-tuning has been recently studied in [34] assuming f = 1TeV.
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The constraints on f shown in fig. 1 can be compared with the sensitivity of the future LHC
collider. To conclude we discuss how precision measurements at a future ee¯ collider can test
little-Higgs models. Virtual effects of universal heavy new physics are fully described by the four
parameters Sˆ, Tˆ ,W, Y . A large set of observables can test the universality hypothesis. More precise
determinations of Sˆ, Tˆ ,W, Y would arise from LEP1-like measurements around the Z-pole. We
remark that more precise determinations of W,Y would also arise from LEP2-like measurements
of ee¯→ f f¯ at higher energies. E.g. at energies E ≫MZ the effect of W is:
δσ(ee¯→ µµ¯)
σ(ee¯→ µµ¯) ≃ −
2E2W
M2W
c2W
1 + 24s4W
,
δσ(ee¯→∑ qq¯)
σ(ee¯→∑ qq¯) ≃ −2E
2W
M2W
c4W
1− 2s2W + 64s4W/9
.
Unfortunately most little-Higgs models have four free parameters and therefore do not make univo-
cal predictions for the four observables Sˆ, Tˆ ,W, Y . Nevertheless, the explicit expressions in table 4
allow to derive testable inequalities, such as Sˆ ≥ (W + Y )/2 and Sˆ, Tˆ ,W, Y ≥ 0. Only the second
and last model in table 4 violate some of these relations. The possible vanishing of Tˆ and/or Y is
closely related to the gauge group.
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